ZERO-POLE INTERPOLATION FOR MATRIX MEROMORPHIC 

FUNCTIONS ON A COMPACT RIEMANN SURFACE AND A 

MATRIX FAY TRISECANT IDENTITY 

5^ . JOSEPH A. BALL AND VICTOR VINNIKOV 

O , ABSTRACT: This paper presents a new approach to constructing a meromor- 

D ' phic bundle map between flat vector bundles over a compact Riemann surface hav- 

^^ , ing a prescribed Weil divisor (i.e. having prescribed zeros and poles with directional 

00 ' 8-8 well as multiplicity information included in the vector case). This new formal- 

ism unifies the earlier approach of Ball-Clancey (in the setting of trivial bundles 
\^ ' over an abstract Riemann surface) with an earlier approach of the authors (where 

the Riemann surface was assumed to be the normalizing Riemann surface for an 
p^ ' algebraic curve embedded in C^ with determinantal representation, and the vector 

f^ I bundles were assumed to be presented as the kernels of linear matrix pencils) . The 

04 ' main tool is a version of the Cauchy kernel appropriate for flat vector bundles over 

the Riemann surface. Our formula for the interpolating bundle map (in the special 
case of a single zero and a single pole) can be viewed as a generalization of the 
Fay trisecant identity from the usual line bundle case to the vector bundle case in 
terms of Cauchy kernels. In particular we obtain a new proof of the Fay trisecant 
O ' identity. 
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wjQ, 1. Introduction 

C^ . The following zero-pole interpolation problem is one of the main objects of 

study in the recent monograph H. We state here the simplest case where all 
zeros and poles are assumed to be simple and disjoint. Given a finite collection 
A^ , . . . , A"" , ^^ , . . . , ^"°° of distinct points in the complex plane C, nonzero column 

3 , vectors Ui, . . . , m„^ G q^xi ^^^ nonzero row vectors Xi, . . . , x^^ e C^^*", find (if 

possible) an r X r matrix function T(z) having value equal to the identity matrix I 
at infinity such that (1) T{z) is analytic on (C U {oo})\{/x^, . . . , /i"°°} and T{z)~^ 
has analytic continuation to (C U {oo})\{A\ . . . , A""}, (2) for i = 1, . . . , no, r(A') 
has rank r — 1 and XiT{X^) = 0, and (3) for j = 1, . . . ,noo, T{iij)^^ (i.e., the 
analytic continuation ofT{z)~'-^ to z = fi^) has rank r — 1 and T(^^)^^Uj = 0. A 
complete solution, along with numerous applications to problems in factorization, 
matrix interpolation and iJoo-control, is given in B. The solution (for this simple 
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case) is as follows. A solution exists if and only if the uq x Uoa matrix 

r = [r,,i with r,„- ^ : \. (i.i) 

is square and invertible. In this case the unique solution is given by 

T{z) = I + Y^u,{z~ti^)-^c, (1.2) 

i=i 

where c = [ci ... Cn^ \ is given by 

c = T~'[xJ ... .If. (1.3) 

The solution in Q uses system theory ideas, especially the state space similarity 
theorem specifying the level of uniqueness for two realizations of the same rational 
matrix function as the transfer function of a linear system. Later work (see [p|) 
handles the nonregular case (where detT(z) vanishes identically and the nature of 
the zero structure must be enlarged) by elementary linear algebra, without recourse 
to the state space similarity theorem. 

There have now appeared two seemingly distinct generalizations of this result 
to higher genus. In [^, the problem is posed to construct a (global, single- valued) 
meromorphic matrix function on the compact Riemann surface X satisfying condi- 
tions as in (1), (2) and (3) above. A matrix analogous to F appears, but the solution 



criterion is not as simple; nevertheless, an explicit formula analogous to (1.2) and 
( [L^ ) was found for the solution when it exists. The approach in g can be seen 
as an analogue of that in |5| (i.e., system theory ideas are avoided and a simple 
ansatz is used to reduce the problem to an analysis of a linear system of equa- 
tions) . The paper ||7| , on the other hand, while formulating a more general problem 
(involving bundle maps between certain types of flat vector bundles rather than 
global meromorphic matrix functions) in an abstract setting, works primarily in a 
more concrete setting, where the Riemann surface X is taken to be the normalizing 
Riemann surface for an algebraic curve C having a determinantal representation 

C = {(Ai, Aa) e C^ : det(Aicr2 - Aa^i + 7) = 0} 

(where (Ti, (T27 7 sue M x M matrices and A — (Ai, A2) are affine coordinates), and 
the input and output bundles E and E are assumed to have kernel representations, 
e-g-, 

£;(A) ^{v£ C*^ : (Aiffa - AsCTi + j)v = 0}. 

In this setting, a non- metric version of the several- variable system theory connected 
with the model theory for commuting operators due to Livsic (i.e., a version with all 
Hilbert space inner products dropped) applies, any meromorphic bundle map satis- 
fying appropriate conditions at the points at infinity can be realized as the transfer 
function, or the joint characteristic function, of a Livsic-Kravitsky 2D system, and 
the zero-pole bundle-map interpolation problem can be solved using the state-space 
similarity theorem for this setting in a manner completely parallel to that of [p| for 
the genus case. (For a recent systematic treatment of the Livsic theory, we refer 



to |0| and pM). In this solution there is a matrix F analogous to the F in (1.1) 



along with an explicit formula for the solution (when it exists) as in (1.2). In this 
setting, one specifies an output bundle E having a kernel bundle representation as 
well as the zero-pole interpolation data. The invertibility of F is then equivalent 
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to the existence of an input bundle E also having a kernel representation together 
with a bundle map T: E ^ E meeting the zero-pole interpolation conditions. 

The purpose of this paper is to synthesize these two approaches. We obtain 
a generalization of the approach of B which handles the vector bundle problem, 
and clarify the solution criterion as well as the role of the invertibility of V in this 
abstract setting. To obtain an analogue of the basic ansatz in [|| used for the form 
of the solution for the general bundle case, we need a version of the Cauchy kernel 
(z, w) -^ j^ for sections of a flat vector bundle x satisfying /i°(x ® A) = where 
A is a line bundle of differentials of order 1/2 (a theta characteristic or a spin 
structure). This object was introduced in (sec also [H, (27| for the line bundle 
case) but a proof of its existence for the vector bundle case relied on the theory 
of determinantal representations of algebraic curves and of kernel representations 
of bundles over such curves. Here we give a simple, direct existence proof using 
only some cohomology theory of vector bundles and the Riemann-Roch theorem. 
A similar proof of the same result for the line bundle case is given in [gOJ and |gl[ ; 
the general case is also handled in [pj but by using completely different techniques 
(involving the theory of the Green's function for the heat equation over X). Various 
other forms of the Cauchy kernel for a Riemann surface have appeared earlier in 
the literature, in particular in connection with the Riemann-Hilbert problem (see 
|22[ , pfl]). However, these are developed within the framework of meromorphic 
differentials whereas our Cauchy kernel is defined as a multiplicative meromorphic 
differential of order 1/2. The use of half-order differentials has the advantage that 
no extraneous poles are introduced in the Cauchy kernel. We mention that the 
paper |l[ applies our Cauchy kernel to the study of indefinite Hardy spaces on a 
finite bordered Riemann surface. 

Taking the constant term in the Laurent expansion of the Cauchy kernel around 
the diagonal allows us to define a certain flat connection on the flat bundle x- In the 
concrete setting of the determinantal representations, this connection was already 
introduced in |7|]. This flat connection is determined canonically up to a choice of 
a bundle A of half-order differentials. 

We also make explicit the mappings between the concrete and abstract settings; 
in this way we are able to see explicitly the equivalence between the solution in 
and the solution in Q. The main ingredient is the explicit formula for the 
determinantal representation of an algebraic curve with a given kernel bundle in 
terms of the Cauchy kernel of the bundle. 

We also specialize the results to the line bundle case. For this case, both the 
solution to the zero-pole interpolation problem and the Cauchy kernel can be ex- 
pressed explicitly in terms of theta functions (see Q , Q and g for background 
material on theta functions). When this is done, the equality between these two 
forms of the solution of the interpolation problem leads to a new proof of the trise- 



cant identity due to Fay (see Q Corollary 2.19 or |18 Volume H page 3.214). In 
the general vector bundle case, the formula for the solution of the interpolation 
problem in terms of the Cauchy kernels (in the case of a single zero and a single 



pole — see (3.13)) can be viewed as a matrix version of the Fay trisecant identity. 
We mention that in the genus 1 case one can obtain an explicit formula for the 
Cauchy kernel for the general case of flat vector bundles (see Q ) . 

We close the introduction by mentioning three other possible further applications 
of our Cauchy kernel. 
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First of all, as will be shown in Section 0, the vector bundle x is completely deter- 
mined by the values K{xj x\ ^'') of the Cauchy kernel at a certain finite collection 
of points x^, . . . , x™ (forming a line section in a birational planar embedding of X). 
This suggests that these values can be used as afhne coordinates for the bundle x 
in the corresponding moduli space of semistable bundles on the complement of the 
generalized theta divisor. A very similar construction for line bundles on hyperel- 



liptic curves is due to Jacobi (see 1 15 ) and has been given a modern treatment by 
Mumford (see Volume II of |l|). 

Secondly, in the line bundle case consideration of the Fay trisecant identity when 
some of the points come together leads to very interesting identities, showing in 
particular that the theta function satisfies the KP equations (see [Eol , Volume II of 
|l8[ and [M). An interesting line of research is to consider similar limiting versions 



of our matrix Fay trisecant identity ( 3.13|) . A related problem is to find the relation 



between the Cauchy kernel and the matrix Baker- Akhiezer function of Krichever 
and Novikov ||l^ whose definition involves the so called Tjurin parameters [g5| ^ 
of the vector bundle. 

Thirdly, the absence of explicit formulas for the Cauchy kernel makes it inter- 
esting to try to find formulas for the Cauchy kernel of one vector bundle in terms 
of the Cauchy kernel for another. In particular it would be interesting to find how 
the Cauchy kernel behaves under puUback and direct image. 

The paper is organized as follows. Section |] is this introduction. Section || 
develops the Cauchy kernel for a flat line bundle. Section || then formulates and 
solves the zero-pole interpolation problem in the abstract setting. Section obtains 
explicit formulas for all the results in the line bundle case and obtains the new 
proof of the Fay trisecant identity. Section |^ explains how to use Cauchy kernels to 
obtain a canonical map from the abstract to the concrete setting. Finally, Section 
explains the connections with the concrete interpolation problem solved in W . 



2. The Cauchy kernel for a flat vector bundle 

We assume that we are given a compact Riemann surface X. Let A be a line 
bundle of differentials of order ^ on X, i.e., a line bundle satisfying A (g) A = X, 
where K is the canonical line bundle (i.e., the line bundle with local holomorphic 
sections equal to local holomorphic differentials on X). Note that since deg(A') = 
2g — 2, deg(A) = g — 1 where g is the genus of X. In addition we assume that we 
are given a holomorphic complex vector bundle x of degree (and of rank r, say) 
over X such that 

/iO(x«)A)=0, 

i.e., X A has no nonzero global holomorphic sections. The condition implies that 
X is necessarily semistable, and means that the (equivalence class of) x li^s on 
the complement of the generalized theta divisor in the moduli space of semistable 
vector bundles of rank r and degree on A" (see ]ll|, p3 and Isl). It also follows 
immediately from Weil's criterion for flatness lIs] that x is actually a flat vector 
bundle (see page 275 for details). By definition, since % is flat, sections h oi x 
have the property that they lift to C^-vector functions h defined on the universal 
cover X oi X such that 

h{Rp) = x{R)h{p) 
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for allp £ X where R is any element of the group of deck transformations Deck(X/X) 
= 7ri(X) and where R -^ x{R) € GL{r) is a (constant) factor of automorphy asso- 
ciated with the bundle x- (We somewhat abuse the notation denoting a constant 
factor of automorphy and the corresponding flat vector bundle by the same letter.) 
The main object of this section is to define an object K{x\ •, •) associated with any 
such bundle x which we shall call the Cauchy kernel for the bundle x- Let M denote 
the Cartesian product M = X x X and let tti : M ^ X be the projection map onto 
the first coordinate and 7r2 : M ^ X the projection onto the second coordinate. 
The defining property of K(xj 'j ') is that K{x; •, •) be a meromorphic mapping of 
the vector bundles 7r|x and tt^'x <8) tt^'A (g) ttj A on M which is holomorphic outside 
of the diagonal V = {{p,p) € M: p E X}, where it has a simple pole with residue 
Ir- More precisely, the latter condition means the following: for any jjq € X and 
any local parameter i on X, if we let ydt be the corresponding local holomorphic 
frame for A lifted to a neighborhood of po on X, then near {po,po) E X x X the 
lift of K{x; ■,■) to X X X has the form 



Vdiip)Vdii^) m ~ t{q) 

Thus, if e is in the fiber of x at a point q on X, and t is a local parameter of X 
centered at g, then K{x', •, g) r^. is a meromorphic section of x (g) A that has a 

single simple pole at g, with a residue (in terms of the local parameter t) equal 
to evdi{q). Note that since x 'X' A has no nontrivial global holomorphic sections, 
such a meromorphic section is unique whenever it exists. Note that when X is the 
Riemann sphere and x is (necessarily) trivial, then 

where t is the standard coordinate on the complex plane, i.e., we get the usual 
Cauchy kernel. Existence was shown in ||7| by exhibiting an explicit formula for 
K(x'i 'j '); the construction involved using a representation of X as the normalized 
Riemann surface for an algebraic curve C embedded in P^ and representing the 
bundle E — x'XiA(g)C'(l) as the kernel bundle associated with a determinantal 
representation of the curve C 

C = {[^0, A^i, M2] e P^ : det(//i(T2 - /^20'i + a^ot) = 0} 
E{fj,) = ker(/ii(T2 - M20-i + MoT)- 

When the rank r of the vector bundle x is 1, one can get an explicit formula (in 
terms of the Abel- Jacobi map and classical theta functions on the Jacobian variety 
of X) for the Cauchy kernel (see M). Details of this formula will be reviewed in 
Section of this paper, where other special aspects of the line bundle case will also 
be discussed. 

Our purpose in this section is to give an alternative proof of the existence of 
such a Cauchy kernel K{x', ■, •) for a flat vector bundle x by a direct, simple, more 
abstract argument (without relying on representing X as the normalizing Riemann 
surface for a curve C having a determinantal representation as in ||7|). This is the 
content of the following theorem. 

Theorem 2.1. Let x be a flat vector bundle over the Riemann surface X with 
h^ix (g A) = as above. Then the Cauchy kernel K{x; •, •) exists, i.e., there is a 
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unique meromorphic mapping of the vector bundles tTjX cind tt^x (g) tt^ A (8) tTj A on 
M = XxX which is holomorphic outside of the diagonalV = {{p,p) £ M : p £ X}, 
where it has a simple pole with residue I^- 

Proof. Note that we have the foUowing exact sequence of vector bundles over M = 
XxX: 

Q^O{-V)^0^0\v^Q. (2.1) 

For ease of notation, define vector bundles F and W over M and V and K over X 

by 

F = ttIx ® <A ® 7r2X^ ® 7r2 A 
W = F® 0{V) 

V = x® ^ 
K = the canonical line bundle on X 



where x^ is the dual bundle of x- Tensoring the exact sequence (2.1) with W gives 
us 

0^ F ^W ^W®O\v^0. (2.2) 

The map of taking the residue along the diagonal defines a linear mapping 

7^: H°{M,W) -^ H°{X,End V). 

Our goal is to show that there exists a unique element K{x; ■, ■) of H'^{M,W) so 

that n{K ix; ;■)) =Iv- 

Note that the bundle W iS) 0\t> can be identified with the bundle End V of 
endomorphisms of V. Moreover the residue mapping TZ is exactly the mapping 
from H'^{M,W) into H°{X,End V) induced by the mapping W -^ W (g> 0\-p in 



(2.2 



The vector bundle exact sequence (^j) induces (see the Basic Fact on page 40 
of 1^) the exact cohomology sequence 

-^ H°{M, F) -^ H°{M, W) -^ H^{X, End V) -^ 

^ H\M,F)^--- . (2.3) 

Next we argue that (i) h"{F) = and (ii) h^{F) = 0. The statement (i) follows 
easily from our assumption that h^{V) = 0. As for statement (ii) it follows from 
the Kunneth formulas (see page 58 of jlj]) that 

H\M,F) ^H\M,Tr*iV) (g> Tr;{V'' (g) K)) 

s^ {H°{M,ttI{V)) (g> H\M, Tr;{V'' (g> K))) (2.4) 

®{H\M,-kI{V))®H^{M,ttI{V'' ®K))). (2.5) 

By our assumption that h'^{V) = it follows that the first term on the right hand 
side of (2.5) is 0. Since h^{V) = we also have /i"(F^ ® K) = Q a.^ well, by the 
Riemann-Roch Theorem for vector bundles on an algebraic curve (see |l3] ) and the 
assumption that deg V = r{g — 1). Hence the second term in (2.5) is zero as well. 
This verifies the desired fact (ii). 

Hence the exact sequence (2.3) collapses to 

-^ H°{M, W) ^ H^{X, End V) -^ 0. (2.6) 
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It follows that TZ : H'^{M, W) -^ H^{X, End V) is an isomorphism and the Theorem 

follows. n 

Let po be an arbitrary point of X, and let f be a local coordinate for X near po- 
Then by definition the Cauchy kernel K{x\ ■, •) is such that 

Vdi{p)Vdi{q) 

is analytic in (p,q) near (po,po) with value at {po,po) equal to 7^; hence, for {p,q) 
close to (po,Po)) K{x'i 'i ■) bas a representation of the form 

K{x;p,q) 



dt{p)Vdt{q) 



m ~ m 



Ir 



A 



dt 



{po)tip) + -iPo)tiq) + O {\tip}\' + \t{q)\') 



dt 



(2.7) 



for appropriate holomorphic matrix K-valued coefficients A{po) and A£(j)q). An 
important point for us is the following result. 

Lemma 2.2. Let Ai and A be the linear coefficients appearing in the Laurent ex- 
pansion of the Cauchy kernel K{x] •, •) as in (2.7). Then 



A{po) + Ai{po) =0 



for all pfj ^ X . 



p=q 



Proof. Let po be an arbitrary point of X and let i be a local coordinate for X near 
po ■ For p (z X near po , define 

fip)^itip)-tm ^teP'«^ 

From (2.7) we see that 

f{p) - Ir + 

In particular, 



^(^") + l^^") 



dt{p)Vdt{q) 

t{p) + omp)\')- 



df,^ 



§^^°) + l^^")- 



(2.8) 



On the other hand, we can use t'{p') — t{p') — t{p) as a local coordinate for the 
variable p' near the point p (z X. From (2.7) again we have 

mp')~t{p))-itig')-tim ^(^5^'''^') 



dt{p')Vdt{q') 

= ir+§{mtm-tim+j^imtiq')~m)+oi\tip')~t{p)\^+\tiq')-tip}\'). 

Evaluation of both sides of this equation &tp'=q'=p yields /(p) = L^ from which 
we get 



l'^-)^" 



(2.10) 



for all p e X. Comparison of (2.8) and (2.10) now gives A{pq) + Ai{pq) = as 
asserted. D 
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We can use these coefficients A{p) and A({(f) defined by (2.7) to define connec- 
tions Vtj- on X and V* on x^ according to tlie formulas 



Vxy ^ Ay + dy 



\J*x^Ajx + dx. (2.11) 



for local holomorphic sections y of x and x of x^- The result Ai + A = Q from 
Lemma 2.2 is equivalent to the fact that V^ and V* are dual to each other, i.e. 

dix'^y) = x'^iV^y) + {V^xfy 

for local holomorphic sections y of x and x of x^, where (y, x) -^ x'^y is the pairing 
between x and x^- Moreover, from the formula for V;^ we see that the connection 
matrix associated with V^ is a matrix of holomorphic (l,0)-forms. Hence, V^^ is 
compatible with the complex structure of X and moreover, since we are in complex 
dimension 1, the connection V^ is flat, i.e., V^ has zero curvature (see Section 5 of 
Chapter of [^ for all relevant definitions). The existence of such a flat connection 
on X in turn implies that x itself is a flat vector bundle (see iQ pages 294-295). In 
general there are many choices of distinct flat connections on a flat vector bundle; 
our construction via the Cauchy kernel provides a canonical choice of such a flat 
connection (up to a choice of a bundle A of half-order differentials). An explicit 
formula for V in the line bundle case is given in Section 0. 



Remark: The proof of Theorem 2.1 used only the fact that degx — and 



did not use the flatness of x- Since the existence of a flat connection (compatible 
with the complex structure) implies that the bundle is flat, our construction gives 
a direct proof of the flatness of x independent of Weil's theorem. 

3. The abstract interpolation problem 

In this section we consider as given two flat vector bundles x and x over the 

Riemann surface X for which both /i°(x O A) — and h^{x® A) = 0, where 

again, A is a line bundle of half-order differentials over X. We are interested in 

studying pole-zero interpolation conditions imposed on a bundle map of x to x- The 

data for the interpolation problem is as follows. We assume that we are given rioo 

distinct points fJ.^, ■ ■ ■ ,/i"°° (the prescribed poles) together with no distinct points 

A^, . . . , A"" (the prescribed zeros). For each fixed index j (j = 1, . . . , rioo) we specify 

a linearly independent set {uji, . . . , w^.s^} of Sj vectors in the fiber xif-'') of X over 

fi^ (the prescribed pole vectors) and for each fixed index i {i — 1, . . . ^hq) we specify 

a linearly independent set {xn, . . . , Xi^a} oiti vectors in the fiber x^(A*) of the dual 

bundle x^ of x (the prescribed null vectors). Also, for each pair of indices {i,j) 

for which A* ~ ^^ =: ^'^^ , we specify a collection {pij^ap'- l<a<ti,l</3< Sj} 

of numbers that depend on the choice of the local parameter at the point ^*^. 

The Abstract Interpolation Problem (ABSINT) which we study in this section is 

the following: determine if there exists a bundle map T: x ^ X with transpose 
y V . ~v ^ ^v g^^j^ ^f^^^. 

(i) T has poles only at the points {/i^, . . . , ^"°= }; for each j = 1, . . . , Uao, the pole 

of T at fi^ is simple, and the residue Rj — Res p^^jT: xip-'') ~^ xip-'') of T 

at fi^ is such that {uji, . . . ,Uj^s} spans the image space im Rj of Rj. 

(ii) The bundle map {T'^)~^ '■ x'^ ~^ X^ ^<^^ poles only at {A^, . . . , A""}; for each 

i = l,...,nQ, the pole of (T^)^^ at A' is simple and the residue Ri = 
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ReSp^x^iT'^)-'^: x''(A*) -> F(A^) of{T'^)-^ atX is such that {xa, ■■■ ,x,,tA 
spans the image space im Ri of Ri . 
(iii) For each pair of indices (i, j ) for which X'' = fi^ ='■ ^^'' j and for a = 1, . . . ,ti, 
let Xiaijj) be a local holomorphic section of x^ with Xia{C'') = ^ia such that 
T^ {p)xia{p) has analytic continuation to p = SJ'-' with value at p = ^^-^ equal 
to 0. Then 

(y~XiaiC^))'^Uji3 = Pij,al3 

for (3=1,..., Sj. 
When such a bundle map T exists, give an explicit formula for the construction of 
T. 

In order for solutions to exist, the compatibility condition 

XiaUjf} = whenever A' = fi-' . (3-1) 

must hold. This follows from the requirement that the meromorphic section 

Xia(p)T{p) 

be analytic at the point p = ^'^ := A* = /i^. Hence we shall always assume that our 
data collection 

uj = {(a:„, A'), {Uji3,fi^),p,j^ai3} (3.2) 

also satisfies this compatibility condition. 

It will be convenient to work with an alternate form of the interpolation condition 
(iii) in (ABSINT). Suppose that u{p) = T[p)ip{p), where ip is a. local holomorphic 
section of x near ^'-^ chosen so that ReSp=^i3M(p) = Ujp with respect to the local 
coordinate t*-' centered at ^*-' . Then 

{x,o.(p)f {f\pHp)) = f^ip) ■ ix,a.{p)f T{pMp) (3.3) 

= {f^p)T''{p)x,^{p)fv{p) (3.4) 

has a double order zero at p = ^'-' , and hence 

d{x,^{pf{f^p)u{p)))\p=^,,=0. 



Since V~ and V~ are dual connections as a consequence of Lemma 2.2 , we therefore 
have 

{y*~xUC')Y u,p + xlv~{fHpMp))\p^^.. = 0. 

Thus the interpolation condition in part (iii) of (ABSINT) can be expressed alter- 
natively as 

xL'^~it''ip)uip))\p^i^j =-Ptj,ap (3.5) 

where u{p) = T{p)ip{p) for a local holomorphic section ip oi x near ^'-^ such that 
ReSp^^iju{p) = Ujp. 

In the scalar case (r = 1), the compatibility condition ( ^.l[ ) can never be satisfied 
in a nontrivial way and hence the third set of interpolation conditions is absent 
under our assumptions; this corresponds to the fact that a scalar meromorphic 
function cannot have a zero and a pole at the same point ^^-^ . Moreover, for the 
case r = 1, necessarily ti = 1 for all i and Sj = 1 for all j. In the case where both 
X and X a-re trivial (or more generally if we use coordinates with respect to a local 
holomorphic frame for x near fi^ or x^ near A'), there is no loss of generality in 
taking Xi := xn = 1 and Uj := Uji = 1 for all i and j. Thus the only remaining 
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relevant data are the zeros A^, . . . A"" and the poles fj,^, . . . , /i"°° (all assumed here 
to be distinct). As is standard in algebraic geometry, the formal sum 

A - /x := A^ + ■ ■ • + A"" - // ^"- 

is said to be a divisor on X. If / is a meromorphic function, the associated principal 
divisor (/) is defined to be the formal sum p^ + ■ ■ ■ +p"" _ gri _ . . . _ g"°o where the 
p*'s are the zeros of / and the g-^'s arc the poles of / (with repetitions according 
to respective multiplicities). Associated with any divisor A — /x as above is the 
vector bundle 0{fi — A) whose holomorphic sections can be identified with global 
meromorphic functions h such that 

{h)>X-ti, 

i.e., such that the zeros of h include the points A^, . . . , A"" (all with multiplicity at 
least 1) and the poles of h are a subset of /i^, . . . , /i"°° (all with multiplicity at most 

^)- . . . 

It is convenient for us to introduce matrix analogues of these ideas. Let a; be an 



interpolation data set as in (3.2). Let us introduce the notation 

(/^,u) = {{fJ-^^Ujp): l<j< noo,l < P < Sj} (3.6) 

for the pole part of u). We let A^(x (8) A) be the sheaf of meromorphic sections of 
X (g) A. For U an open subset of X we define 

©(^^(g) A)(/x,u)(C/) ^{u e Al(x(g) A)(C/): u has poles only at ^^', 
M_i := ReSj,^^,3 e span {ujp: I < f3 < Sj}} 
and 
©(X® A)(a;)(t/)={MeC'(x® A)(/x,u)(C/): if A V Ai^ then a;,„u(A^) = 0; 

if A* = /i-* =: C"*! there is a local holomorphic section Xia{p) of x^ 
such that (i) Xia {C'' ) = ^ia , (ii) Xia (p) — p^ (p) has analytic 
continuation to p = ^^■'with value there, and 

(iii) a;^ Vx ( f^ -^= ] = -Y\ Pz3,ai3Ci3 



if ReSp^^jW = ^ UjfiCp.} 
/3=i 
It is obvious that 0{x® A)(/x, u) and 0{x® A)(u;) are locally free sheaves of rank 
r, and we denote the corresponding rank r vector bundles by {x® A)(/x,u) and 
(x (g) A)(a;). It is also obvious that T is a solution of (ABSINT) if and only if T is 
an isomorphism from x (g A to (x (g A) (a;). 

The solution of the zero-pole interpolation problem introduced at the beginning 
of this section is as follows. 

Theorem 3.1. Define a hq x Uoo block matrix T = [Fjj] (1 < i < no, 1 < J < rioo) 
where the block entry Fy in turn is a ti x Sj matrix Tij = [Fy.Q^] (I < a < ti, 
^ < P ^ Sj) with matrix entries Tij^aff given by 

r j^^LK{x;\\fMnujp, ^fy^^^; .„ „. 

^^J,al3 = < i (3.7) 

I -Pij,af3 «/ \ = P-'- 
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In addition we introduce the block matrices 

Ui = [Uii . . . Uis^^ , Xj = [Xji . . . Xjt.] , 

i^M.u(p)= [^(x;P,m')ui ... if(x;p,M"=°)u„^], (3.8) 



K-^^iq) = 



(3.9) 



Lx^„X(x;A"»,g)J 

Let q be a point of X disjoint from all the interpolation nodes A^, . . . , A"", /Z"'^, . . . , /Lt"°° 
and let Q be an invertible linear map of the fiber space x{q) to the fiber space xiq)- 
Then the abstract interpolation problem (ABSINT) has a solution T with value Q 
at the point q if and only if the matrix T is square and invertible and 

[Kix;p\q) + K^,^{f)T-'K^'^{q)]Q{ReSp. Kix;;q)-') = 

(3.10) 

at each pole p* of K{x',-,q)^^ ■ In this case the unique solution T of the interpolation 
problem (ABSINT) with value Q at q is given by 

T{p) = [Kix;p, q) + K^^^[p)T-^K^^^[q)]QK{x,p, q)-' (3.11) 

with inverse given by 

T-\p) = Kix;p,q)-'T-\q)[K{x;q,p) + K^.^iq)r-'K^-^{p)]. 

(3.12) 



Two special cases of formula (3.11) deserve to be mentioned. The first is the 
case where ng — Hoc = 1, ^i = -si = 1 and A^ 7^ M^- ^ we set a; = xi, A = A^, 
fi — fi^ and u = ui, then T = — ^^(x; A, /i)w is just a number and the formula 



(3.11) becomes 

T{p)Kix;p,q)T{qy 



K{x;P, q) - K{x;p, y:)ux^K{x; A, q) 



In the line bundle case, the identity ( 3.13| ) reduces to the Fay trisecant identity and 



will be discussed in Section ^. The second special case of interest is the case where 
the given zero and pole vectors at each interpolation node span the whole fiber 
space. In this case there is an explicit multiplicative formula for the interpolant T 
in terms of the prime form E{p,q); this will be discussed in detail at the end of 
Section |[ 

A second version of the abstract interpolation problem (ABSINT) has the same 
form (i), (ii) and (ii) as (ABSINT), but with the input bundle x left also as an 
unknown to be found, subject to the proviso that it also be flat and have /i''(x(g)A) = 
0. This version of the problem was studied in W in a more concrete setting where X 
is the normalizing Riemann surface for an algebraic curve C embedded in P^ having 
a maximal rank r determinantal representation; we will discuss the connections of 
this setup with ours in Sections 5 and 6. At this time we also state the solution to 
the modified (ABSINT). 

Theorem 3.2. Let u) be a data set for (ABSINT) as above and form the matrix V 
as in (pj). Then there exists aflat bundle x with h^{x®^) = and a meromorphic 
bundle map T: x ^ X satisfying the interpolation conditions (i), (ii) and (Hi) of 
(ABSINT) if and only if T is square and invertible. 
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To prove Theorem 3.1 we need some preliminary lemmas. 

Lemma 3.3. A global meromorphic section of x® ^ is in 0{x® ^)(M)U)(X) if 
and only if h has the form 

J = l /3=1 

for some scalars Cj0 . 

Proof. Suppose h e 0{x<E) A)(/x, u)(X). Choose scalars Cjp so that 



ReSp^f,jh{p) = ^UjfjCju 



(3=1 



and set 



Hp) = ^Y1 ^ix;P,fJ'^)ujpCjp. 

3 = 1 /3=1 

Thence M{x®^){X) and h-h <E 0{x®^){X). Thus /i = /i since 0(x«)A)(X) = 
H'^ (X, X® A) = by our standing assumptions on x- The converse direction follows 
easily from the defining properties of the Cauchy kernel K{x'rr)- CH 

Lemma 3.4. The map 

[[Cj/3]l</3<sjl<j<«^ -^ h{p) = XI XI ^iX\P,t^^)Uj0Cjf3 

j=l 13=1 

establishes a one-to-one correspondence between kerF and 0{x ® A)(a;)(X). In 
particular 

dimkerT = /i°((x «) A)(u;)). 

Proof Suppose first that h £ 0{x<»A){uj){X). In particular /i € 0{x<»A){fi,u){X), 
so by Lemma 3^ there exists a collection of complex numbers {cj/3}i<j<„^.i</3<s- 
so that 

Hp) = X X ^ix;p,iJ'^)ujf3Cjf3. 

3 = 1 P=l 

We next see what conditions the other requirements on h for admission to the class 
0{x® A)(a;)(X) impose on the scalars Cjp. 

If i is any index for which A* ^ fi^ for all j , we must have 

= X,ah{X') = X X ^^aK{x; X\ fi^)UjpCjfj 
3 = 1 P=l 



3 = 1 0=1 

If, on the other hand, i is an index such that A* = /i-' 

then we write the Laurent series expansion for .^ . . near ^'^ (where i*-' (p) is a local 

coordinate for X centered at ^^^) 



(3.14) 



^*^ for some index j. 



/dt'J 



h 


1 


h 


. Vdt'i _ 


.VdPK 



0(|f^(p)|). 
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We compute 



and hence 



/dpi 



V*'^ /3=1 



h 



where Cjp — vdF3{C'')cjf3- Moreover,, we have 

Z^ Z^ ^-r7TT/.„-„-x -"fc/scfc/? 



(3.15) 



(3.16) 



/dPJ 






(3.17) 



We next compute 



^fa(^(r^) 



h 


+ 

-1 


■ h ' 


.^dP3 _ 



' 0=1 



+ E E -^«^ifer-./'^.v3<i^^^-(r ) + E 









. /3=1 k^j 13=1 



By Lemma 2.2 the first term in the braces vanishes. Combining this fact with the 
formula ( 3.16]) for the coefficients Cjp, we see that the interpolation condition 






)^3 

13=1 



becomes 



^k^jl3=l J \/3=l / 

After canceling off vdt^iC'') and recalling that ^^-^ = A' we see that this can be 
rewritten as 

EEru>a,/3C,75-0 (3.18) 

j=l 13=1 

and this equation holds for all pairs of indices (i, a) such that A' = /i-' for some j. 
Combining (3.18) and (3.14) we see that the column vector [[cj i3\i<f3<s j\i<j<n^] is 
in ker T as claimed. 

Conversely, if [[cjf3]i<i3<sj\i<j<n^ is in kerT and we set 

Kp) =EE^'^^5P,Ai^)cj73, 

j=l 13=1 
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then one can verify that h e 0{x <8) A){lj){X) by reversing the steps of the above 
argument. D 



The analogue of Lemma 3.3 at the level of bundle endomorphisms is the following. 

Lemma 3.5. Suppose that T is a holomorphic bundle map from x '^ ^ to (x (E) 
A)(/x, u) such that T{q) = Q: x{q) ~^ x{q)- Then there exists a unique choice of 
operators Xjp : xil) ~^ C such that 






Tip)^ 
Proof. Choose operators Xj/s : xil) ^ C so that 

Res^jT{-)K{x; fJ.^ , q)Q^^ = ^Wj73%/3- 
Set 



QK{x;p,q)-'. 



T(jp) = K{x;p,q) + ^^ K{x; p, fi^)ujpXji3 

Then, for any vector v £ x{q) ^^ have 

T{-)K{x;;q)v-f{-)Kix;;q)v 

"so ^j 



Q{K{x,p,qr\ 



T{-)K{x;;q)v- 



K{x; ■,q)Q + X! X! ^(^' ■' Ai-')wj/3^i/3Q 

]=1 f}=l 



(3.19) 

is an element of 0{x(^ A){X). By our standing assumption that /i°(x (g) A) = 0, 
we conclude that (T — T){-)K{x; •, q)v ~ for all v € xio)- This is enough to force 
T = T, and the lemma follows. D 



Proof of Theorem 3J_. We first argue that necessarily T is square and invertible if 
a solution T to the interpolation problem (ABSINT) exists. To do this, we show 
first that kerF = {0} and secondly, that F is square. 

To see that kerF = {0}, we proceed as follows. If T is a solution of (ABSINT), 
then multiplication by T induces a biholomorphic bundle map between x® A and 
(x® A)(a;). By assumption, hP(x®/S) = 0. Hence we also have h^ {{x® /S){ijj)) = 0. 
Now it follows from Lemma 3.4 that kerF = {0}. 



Next we argue that F is square. Since x ^^'^ X by assumption are both flat, both 
X and X have degree 0, as do det x and det x- Then 

deg(det T) = deg(det x) - deg(det x) = 0. 

If r is a solution of (ABSINT), then the total number of zeros nQ{T) of T (counted 
with multiplicities as appropriate for meromorphic matrix functions — see Chapter 
3 of |g]) is equal to X]"=i ^i ='■ Nq which is the number of rows of F, while the total 
number of poles noo{T) (again counted with multiplicities) is equal to X^i^i ^j =• 
A^oo which is equal to the number of columns of F. In general we have deg(det T) — 
m{T) - UooiT). Hence the equality deg(detr) = for T a solution of (ABSINT) 
implies that F is square. Combining this with the result of the previous paragraph, 
we see that F is invertible as well. 
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If T is a solution of ( ABSINT) , then in particular T satisfies the hypotheses of 
Lemma 3.5 and hence T has the form 



Tip) 



j=l /3=1 



QK{x,p,qr' 



(3.20) 



for appropriate operators Xjp : x{q) ^ C. We now find what additional restrictions 
on Xjf3 are forced by the zero and coupled zero-pole interpolation conditions (ii) 
and (iii) in (ABSINT). 

Suppose that i is an index for which A' =/= fi^ for any j. Then the zero interpo- 
lation condition xJ^T{X^) = forces, for all a between 1 and ti, 

x^Kix; X\q)QK{x; X\ q)-' + E E ^fo.K{x; X\ fi^)u,px,pQKix; X\ q)-' = 0. 

j=l 13=1 

Recalling the definition of Tij^api we can rewrite this as 



E E rji,a/3%/3 = X^aK{x, \\ q) 
j=l p=l 



(3.21) 



for all index pairs (i, a) such that A* ^ fi^ for any j. 

We next consider an index i for which X = fi^ := ^'^ for some j. Let Xia{p) be a 
local holomorphic section of x^ as in the third set of interpolation conditions. Let 
(p{p) be the meromorphic local section of x given by 

f ^ K{x;p,q) 
VKP) = . — -. - e 



'dP^ (p) 

for a vector e G x{q) where t'^-'{p) is a local coordinate on X centered at ^'^, and let 
u{p) be the local meromorphic section of x given by u{p) — T{p)ip{p). From (3.20) 
we have then 






Ujpx-jfjQe. 



Then the coefficients [u]_i and [u\o in the Laurent expansion of u(j)) centered at 
^^-^ with respect to local coordinate i'^ are given by 



^]-l = E"J'3^^(^'')^JV3Q^' 



13=1 

\ 1 K{x;e',q) ,. 

Mo = — 1= — —Qe - 



/di*J(Cy) 



Z^ Z^ — 7==---— "fe/3a;fc/3ye 



k^j 3=1 



(3.22) 
(3.23) 



E J/rtj-) \^iC^)uj/3XjpQe 
3=1 ^^ ' 



so the alternate coupled interpolation condition (iii) given by (3.5) implies that 



(A(e^)M_i + Modt^-''(f^)) = -Y.P^,..c.pXJpQe ■ Vdt^ie^). 

(3=1 
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Substitution of the expressions (3.22) and (3.23) for [tf]_i and [u]q gives 



f2^LMC')u,px,pQeVd^ien+^I ^(x;e^9), 



/3=1 



-EE 



k^j /3=1 



^ j,i^(x;e-'\/) 



/di^(^^J) 



■ukpxkpQe-df^{en + i2''^^ 



/3=1 



Men 

/dFi{en 



= — 2^ Pi],al3XjpQe ■ 

13=1 



UjfjXjfjQe-df^Cn 



U^{C')- 



By using the result of Lemma 2.2 and recalling the definition ( p.7[ ) of Tij,ai3 we see 
that this expression collapses to 



EEr. 

fe=l/3=l 



ik,ai3Xkf3Qe = x^^K{x; r^ , q)Qe. 
Since this must hold for all e G xiq), we arrive at the operator equation 



Y^ Y^ Yik,afiXkp = xZ,K{x; C^ , 9) 

fc=l/5=l 



(3.24) 



which must hold for all index pairs (i, a) for which A* = /i-' for some j. Combining 
( ^ ) and ( p4| ) gives us 

Tx = K^'^'iq) 

where we h ave se t x equal to the column vecto r [[x7 g]i</3<s,]i<j<K^ . Plugging this 
value into ( 3.20 ) leaves us with the formula ( |3.11 ) for the solution T. This also 
establishes the uniqueness of the solution of (ABSINT) whenever it exists. 

Since T is analytic at the points p^, . . . ,p" where K(x'i 'i q)~^ has poles, neces- 



sarily the residue conditions (3.1C) must hold as well. The necessity and uniqueness 
parts of the theorem are now established. 



Conversely, assume that T is invertible and that the residue conditions (3.10) 
hold. We define T{p) by the formula ( [3.1l| ). Then T is a meromorphic bundle map 
of X s-iid X with only simple poles which occur at most at the points /i^ , . . . , ^"°° 
with 

im Res^ir(-) C span {uja : 1 < a < Sj} 

for j = 1, . . . , Tioo- Sin ce T has t he fo rm ( 3.2C ) with operators Xjfj (1 < j < tIoo, 
1 < /3 < Sj) satisfying ( |3.21 ) and ( |3.24|) , we see that also T satisfies the interpolation 
conditions (ii) and (iii) in (ABSINT) as well. Hence, the number of poles noo{T) 
of T (counting multiplicities for a meromorphic matrix function as in Chapter 3 
of g]) is at most X^T^^i *i ~- ^00 ^^"^ ^"^^ number of zeros no(T) of T (counting 
multiplicities) is at least ^^^=1 ^i —'■ ^o- As T is a bundle map of the flat bundles 
X and X, we know that no{T) = riooiT). On the other hand, since F is square we 
have Nq — Noo ■ From the chain of inequalities 

No < rioiT) = n^T) < N^, 

combined with the equality Nq = Nqo , we get that ng (T) = Nq and tIqc (T) = Noc ■ 
This implies that necessarily 



im 'ReSp=^jT{p) — span{Mji, 



J-js 



} 
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and 

im ReSp^A>(^^)~^(p) = span{a;a, ■ • • ,a;jt.} 
and that T(p) is analytic and invertible at every point p G X outside of /i^ , . . . , fi^°° , 
A^, . . . , A"°. This verifies that T is a bona fide solution of the interpolation problem 
(ABSINT). 



It remains only to verify the formula ( 3.12 ) for the inverse of T. To see this, 
we note that {T~^)'^ is also the solution of an interpolation problem of the type 
(ABSINT), namely the one with data set [a;]^ given by 

1. (A,x) in place of (/.i, u), 

2. (^t, u) in place of (A,x), and 

3- -Pji,l3a in place of Pij,af3- 

The matrix T associated with this interpolation problem turns out to be exactly 



—T^ where F is as in (3.7). Hence by Theorem 3.1 the bundle map (T ^)'^ must 
be given by 

(T-i)^ = [x(r;p,9)-A\x(p)(r-i)^if"''^(g)](r(g)-i)^x(x^p,g)-^ 

(3.25) 
By the uniqueness property of Cauchy kernels, it is easy to see that 

K{x'';p,qf = ~K{x;q,p). 



Hence, taking transpose on both sides of ( |3.25 ) gives 



T-\p) = - K{x; q,p)-'T{q)-'[-K{x; q,p) - K^,^{q)T-'K^'^ip)] 
^K{x;q,p)-'Tiq)-'[-K{x;q,p) + K^,^{q)T-'K^'^{p)] 
and the formula ([3.12) follows. D 



Remark: In case X = X —'■ Xo are both taken to be the trivial bundle of rank 
r, the Cauchy kernel K(xo] 'i ■) has the scalar form A:o(', ■)Ir where fco('j ■) is the 
Cauchy kernel for the trivial line bundle over X. In this case the ansatz ( [3.20 ) 
simplifies to 



where we have set 



Tip) = Q + J2J2-l'f'' iP)Ujl3^'ji3 
3 = 1 13=1 

ka{p,n) 
JAP) = 



ko{p,q) 

and the row vectors x',g — XjpQ are now taken to be the unknowns. Note that 
ko{-,q) is a half-order differential with divisor of degree g ~ I and a pole at q; if 
we assume that the zeros are distinct, this divisor has the form p^ + ■ ■ ■ + p^ — q 
for distinct points p^, . . . ,p^,q E X. If the image of the divisor p^ + ■ ■ ■ + p^ 
under the Abel-Jacobi map is not on the classical theta divisor in the Jacobian 
(i.e. if (j)^ -|- • • • -|-p^ is a non-special divisor), then there are no nonzero constant 
meromorphic functions with only poles equal to at most simple poles at the points 
p^,...,p^; this corresponds to our assumption that /i°(xo (8i A) = h^{A) = 0. 
Furthermore, in this case, the global scalar meromorphic function fp,{-) on X (for 
/i a point of X disjoint from p^, . . . ,p^ ,q) is uniquely determined (up to a nonzero 
scalar multiple) by the condition that it have a pole at /i and that its divisor (/p) 
satisfy 

(/^)>9-M-/ P'- 
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In this way our results and analysis on the (ABSINT) problem reduce to the work 
in 1^ for the trivial bundle case. Notice that xo can be replaced here by ^ (g) xo for 
any line bundle ^ of degree satisfying /i°(^(g) A) = 0, replacing the Cauchy kernel 
fco(-,-) for the trivial line bundle by the Cauchy kernel for ^; this corresponds to 
letting p^ + ■ ■ ■ + p^ he any non-special effective divisor of degree g. 



One remaining piece of business in this section is the proof of Theorem 3.2. The 
problem of identifying the unknown input bundle in a more explicit fashion will be 
addressed in Section ^. 

Proof of Theorem p. 4 If there exists such an input bundle x ^^^ meromorphic 
bundle map T, then T implements a biholomorphic bundle map between x® ^ and 
(x(g)A)(u)). Since /i°(x<8)A) — 0, it then follows from Lemma p^ that T is injective. 
Since deg(x (g) A) = r{g — 1), it must be the case that deg(x g) A) (a;) = r{g — 1) as 
well. This means that F is square, and hence invertible. 

Conversely, suppose that F is square and invertible. Define a bundle x so that 
X (g A = (x (g A)(a)). Since F is square, it follows that 

deg((x(g A)(u;)) = deg(x(g A) = r{g ~ 1), 



and hence deg(x (g A) = r{g — 1). Since kcrF = {0}, we know by Lemma 3.4 that 
/i°((x g" ^){^)) ~ 0; thus /i°(x (gi A) = 0. It follows from these two facts as in the 
proof of Theorem 3.1 in that x is flat. 

Let now S: x ® ^ ~* (x ® ^){'^) be an implementation of the holomorphic 
bundle isomorphism between x ® ^ and (x ® ^)(<^)- Define T: x ^ X so that 
5 = T g) Io(A)- Then T is a meromorphic bundle map from x to x which solves 
the interpolation problem (ABSINT). 

D 

4. The line bundle case and Fay's identity 

In this section we specialize the work of the preceding sections to the line bundle 
case. 

We shall need here some basic facts concerning the Jacobian variety, the Abel- 
Jacobi map and associated theta functions (theta function, theta functions with 
characteristics and prime form) for the Riemann surface X. The review here is 
quite sketchy; for complete details the reader should consult |I^ , |^ or Q . 

When the rank r of the vector bundle x is 1, one can get an explicit formula for 
K{x; •, •) in terms of the Abel-Jacobi map for the surface X and various variants 
of the classical theta function associated with the Jacobian variety of X (see ) . 
Specifically, in this case we may assume that x is a flat unitary line bundle with 
factor of automorphy (also called x) given by xi^j) ~ exp{—2Triaj), x{Bj) — 
exp(27ri6j), j = 1, . . . , g, where Ai, . . . , Ag,Bi^ . . . , Bg form a canonical integral 
homology basis on X. Let O be the corresponding period matrix, let J{X) = 
C9/Z9 + nZ9 be the Jacobian variety of X and let (jj: X ^ J{X) be the Abel- 
Jacobi map. As is standard, we extend (j) by linearity to any divisor on X , and, using 
the correspondence between linear equivalence classes of divisors and isomorphism 
classes of line bundles, we consider (j) to be defined on any line bundle on X as well. 
One can verify that then (t){x) = z where z = fia 4- h and a,b £ R^ have respective 
coordinates aj,bj. Then the explicit formula for the Cauchy kernel (as given in 
ItI) is the following. The verification is straightforward, once one has in hand the 
properties and factors of automorphy for the various objects involved. 



ZERO-POLE INTERPOLATION 



19 



Theorem 4.1. For the case where x is a flat unitary line bundle as above, the 
Cauchy kernel as defined in Section Q is given explicitly by 



K{x;p,q) 



Wq) ~ ^{p)) 



(4.1) 



iO)E{q,p) 



In the statement of Theorem 4.1 



(•) is the associated theta function with 



characteristics 



, E{-, •) is the prime form on X x X, and we assume the hne 



bundle A of differentials of order ^ has been chosen so that 0(A) ~ —k, where 
K G J{X) is Riemann's constant (see [Q and iQ). Note that a consequence 
of Riemann's theorem is that 9{z) 7^ if and only if h^{x (81 A) = 0, and hence 

9 , (0) 7^ in (4.1) and the formula makes sense. No such explicit formula is 

known at present for the higher rank case except in genus 1 (see M). 

In the line bundle case one can also give an explicit formula for the canonical 
connections V^, V* associated with the flat unitary line bundle x- This is the 
content of the following Proposition. 

Proposition 4.2. For the case where X is a flat unitary line bundle with normal- 
izations as above, then the canonical connections V^ and V* are given by 



Vxy 






(0) iu.ip) 



y + dy 



^[27rmj + —-log e{z)]uj J ip) 



j=i 



dz 



Vxa; = - 



£7^1°' 



9 



dzi 



(0) cojip) 



y + dy, 



dx 



^[27rmj 



— \oge{z)\ujj(p) 



dx. 



(4.2) 
(4.3) 
(4.4) 
(4.5) 



Proof. This follows directly by comparing the general expansion for the Cauchy 
kernel 



K{x\P,Pg) 



1 



^, + ^(p,)t{p)+o{\t{pr) 

/dt{p)Vdt{po) HP) - HPo) L dt 

on the one hand and substituting the expansion of the theta function 



Wpo) - (t>{p)) 



a do 

(o)-E 



(o)37(po)t(p)+o(ii(p)n 



dzj dt 



and the expansion of the prime form (see Corollary 2.5 in |10|| ) 

E{po,p)^t{p) + O{\t{p)\'') 
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into (4.1). n 



Remark. From the formula for V^ and V* it follows that the coefhcients A{p) 
and Ag{p) are independent of the choice of homology bases (i.e., marking) on the 
Riemann surface X as long as the bundle A of half-order differentials defined by 
^(A) = K remains the same, since the unitary flat representative for a flat line 
bundle is unique. It is an amusing exercise to verify this independence directly by 
using the transformation law for theta functions (see |Q and ||l4| ). 

We next specialize the work of Section ^ to the scalar (or line bundle) case, 
where x ^-nd x ^-re flat unitary line bundles. As explained in Section |3|, necessarily 
the multiplicities Sj and ti are all 1 and without loss of generality we may take 



Uji = 1, Xii = 1 for all i and j. Then the compatibility condition (3.1) forces 
the third interpolation condition to be absent. The data of the problem consists 
simply of the set of n^ + uq distinct points /i^ , . . . , /l("°° , A^ , . . . , A"" together with 
the flat unitary line bundles x sud x- The problem then is to produce a bundle 
map T : X ~* X with divisor equal to A — /x (where we have set A = A^ + • • • + A"" 
and /x = /i^ + • • • + /i"°° ) . If we view the bundles in terms of factors of automorphy, 
we can view T simply as a multivalued function on X having divisor equal to A — /x 
and factor of automorphy xt given by 

Xt{A,) = e-2-«. , ^t[B,) = e^-^. for j = 1, . . . , 5 
where <j>{x) ~ (f'ix) = ^o. + b (where we have set a = [ai . . . a^,] and b = 

In the genus zero case where X = CU{cxd} is the Riemann sphere, any flat unitary 
line bundle is trivial and the problem is to produce a global meromorphic function 
with divisor equal to A — /i. Trivially a solution exists if and only if uq = rioo and 
then the unique solution with value 1 at infinity is given in the multiplicative form 

nz) - ^;^"^;V (4.6) 

or in the partial fraction form 

T(z)^l + ^c,(z-M^ri (4.7) 

J=l 

where C"^ = [ci ... c„^ ] is the unique solution of the linear system of equations 
Sc = \l ... 1] with S equal to the Sylvester matrix 

S = [5'y] with Sy = — --, 

p,J — A' 

or, in other words, 

c=S-^[l ... 1]^. (4.8) 



It is possible to evaluate the vector c explicitly from (4.8) once one knows the entries 
of S~^ explicitly. This in turn can be done once one knows an explicit formula for 
the determinant of a Sylvester matrix S, since the cofactor matrices are again of the 
same form. In this way one can verify directly the equivalence of the two formulas 



( [f.q ) and (4.7). For details on the algebra of this computation, we refer to Theorem 
4.3.2 of 1). 
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We shall see that an analogous pair of formulas holds for the solution of the 
abstract interpolation problem (ABSINT) for the higher genus case (for the line 
bundle setting). This is the content of the next Theorem. 

Theorem 4.3. Consider the problem (ABSINT) for the case where x ^.i^-d X '^''"^ fl'^i 
unitary line bundles and given data set equal to X—fi — A^ + - • •+A"''— /i^ — • • ■—fj,"'^ 
as above. Then a solution exists if and only if 

no = Tioc and 0(x) - 0(x) = 0(A) - </)(/x). (4.9) 

In this case, if q is a point of X disjoint from the set { A^ , . . . , A"" , /i^ , . . . , /i"°^ } of 
prescribed zeros and poles and Q is any invertible fiber map from xil) onto x('Z); 
then a solution of (ABSINT) having value Q at q is given in multiplicative form as 

np) = Ef^'^?//^^^?, exp(-2.za^(<^(p) - 0(g))Q (4.10) 

where a^ = \ai . . . Og] and (f>{X) — (pifi) = ^a + b with a,b G R". 

//xiSi A and xfEi A have no nontrivial holomorphic sections, then the solution T 
with T{q) = Q is unique and alternatively is given by the partial fraction formula 

[ g[i](0(g)-0(p)) ^^ g[g](0(^^-)-0(p)) ^[g](0(g)-0(A^)) 

^^^ I e[7\{0)E{q,p) ^^fr{ 0[7\{0)E{f,^,p) ^ ^'' 9[I\{0)E{q,X'') 

e[zmEiq,p) 

"""^ e[zmq)~cl>{p)) ^^■''> 

where the Uq x Uoo matrix T is given by 

P r^. 1 ■,,j. 0[2](</)(A^^)-</>(A')) 

and where we have set 

z = Hx), z = (j){x). 



Here we write 9[z](X) rather than 



(A) ifz = na + be C8 with a, 6 € R^ 



Proof. If such a bundle map exists, then the bundle x (g) ©(A — /x) and x ^^^ 
holomorphically equivalent. In particular, the divisor \ — fj, must have degree 
since both x and x are flat bundles. The equality (j>{x) = (j){x) + 0(A) — 0(At) then 
follows from the correspondence between flat bundles and linear equivalence classes 
of divisors mentioned above. This verifies the necessity condition (|4.9|). 



Conversely, assume that ( [4.9| ) holds and define T by the right-hand side of (4.10). 
That the zero-pole divisor of T is A— /x follows directly from the fact that the divisor 
of the prime form {p, q) -^ E{p, q) is the diagonal {(p,_p) : p S X} <Z X y. X. One 
can n ext check from the known period relations of E that the right-hand side of 
( I.IOJ ) has the factor of automorphy xt 

Xt{Aj) = exp(-27rmj), Xt{Bj) = cxp{2TTibj) for j ^l,...,g 

where ai, . . . , ag, 6i, . . . , 6g are respective components of a, 6 e R^ chosen so that 



fla + b = 0(A) — 0(/i). The second condition in (4.9) now guarantees that T(-) so 



defined is a bundle map from x into x- The uniqueness assertion is a consequence 



of Lemma B.5. 
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The alternative formula (4.11) is simply a rewriting of the formula (3.11) from 



Theorem 3.1 specialized to the line bundle case, where we have substituted the 
explicit forinula ([4.l|) for the Cauchy kernel from Theorem 



4.1 



D 



Note that part of the content of Theorem 4.3 is that the matrix F is invertible 
whenever x snd x have no nontrivial holomorphic sections and (ABSINT) has a 
solution. 



It is of interest to specialize Theorem 4.3 to the case of one prescribed zero and 
pole A — /i = A^ — /i^. When this is done we obtain the following result. 

Theorem 4.4. If x andx o,f£ two fiat unitary line bundles such that neither x®^ 
nor x^ A have nontrivial holomorphic sections and A and /i are two distinct points 
of X , then the unique meromorphic bundle map from X ^o x with zero-pole divisor 
equal to X — jjl and value Q ^ at the point q € X is given by either 

Tip) = §§;f)§^fM~^^^a^mp) - 0(9))Q (4.12) 



T,^, ^ ^, ^^^ J ^(^ + H^) ~ Hl^) + Hi) - 4>{p))0{z) 



T(p)=exp(-2^^a^(0(p)-<^(g))) 



(z + 0(A) - c^{ti))e{z + 0(g) - 0(p)) 

e{z + 0(A) - ^{p))e{z + 0(g) - (|){^Ji))E{^Ji, \)E{q,p) 



e{z + 0(A) - 0(/i))0(z + 0(g) - <t>{p))E{^l,p)E{q, A) 



Q. (4.13) 



Proof. The starting point of course is formula (1.10|) and (4.11) specialized to the 



case X fj, = A — /i. The formula (4.12) is an immediate consequence of (4.10) 



Derivation of (4.13) requires a little bit of algebra. We use the definition 

0[z]{X) = exp{TTia'^ fta + 2nia{X + b))9{X + z) 

(where z = f2a + b with a,b € R^) to express all theta functions with characteristic 
6'[z](-) in terms of the theta function itself 6'(-). When this is plugged into (4.11) and 
little bit of algebra is used to collect the exponential factor (noting that a — a — a^ 
if z — z{= 0(A) — 0(/i)) = ^a + b and z = f2a — h b~, z — Qoz + b^ with a, 6, a~, 6~, 
Oz, bz in R^), we get 

Tip) = eM-2^^a Wp) - 0(g))) | ^iz + m - m)Eiq,p) 
9{z + 0(A) - 0(p)) 6{z + 0(A) - ^{p)E{^ji, A) 



e{z + (^{x)-<p{^i))E{^i,p) e{z) 

0(z + 0(g) - 0(a*)) \ ^_ e{z)E{q,p) 



e{z + 0(A) - ^{^i))E{q, X) J ^6{z + <jy{q) - <jy{p)) ■ 

The formula (4.13) now follows by simple algebraic manipulation. D 

As a Corollary we obtain a version of Fay's Trisecant Identity (see pQ] formula 
(45) page 34 or |l| Volume II page 3.214). 

Corollary 4.5. For X a compact Riemann surface, its Abel-Jacobi map, 0{X) 
and E(p, g) its associated respective theta function and prime form, p, g, A, p. points 
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of X and z G C^, the following identity holds: 

9{z + 0(A) - cf^ipmz + 0(g) - ^ip))E{p, X)E{q, p) 
+e{z + 0(A) - <P{p))e{z + 0(g) ~ 0(/i))ii;(A, ^l)E{q,p) 
= e{z + 0(A) - 4>{^l) + 0(g) - (p{p))e{z)E{p, fi)E{q, A). (4.14) 



Proof . Fr om the identity of the two expressions ( 4.12| ) and (4.13) for T{p) in The- 



orem |4.4| , we have equahty of the foUowing two expressions for exp(27ria"^(0(p) 
0(g)))T(p)g-i: 

Ejp, A) Ejq, ^i) _ 0{z + 0(A) - 0(m) + 0(g) - ^ip))9{z) 

E{p, fi) E{q, A) e{z + 0(A) - (j}{^Ji))9{z + 0(g) - 0(p)) 

Ojz + 0(A) ~ 0(p))g(z + 0(g) - ^{^Ji))E{^Ji, \)E{q,p) 
e{z + 0(A) - cj){fi))e{z + 0(g) - cj)ip))E{ti,p)E{q, A) 

Multiphcation of both sides by e{z + 0(A) - (j){n))9{z + (j){q) - 4i{p))E{fi,p)E{q, A) 
afong with a hberal use of the general identity E(p, q) — ~E{q,p) afong with some 
algebra now leads to Fay's identity (4.14) as desired. D 

The identity (4.14) is actually a special case of a more general identity (see 
Corollary 2.19 in jT^]) which gives an explicit expression for the determinant of a 
matrix M of the form 

,. r,r 1 1 ,r 6I(Z + 0(^J)-0(A*)) 

M = \MiA where M^, = -^ ,^ / ., ^ " . 

Since the cofactor matrices of such a matrix are of the same form, one can then 
compute explicitly (in terms of theta functions and prime forms) the entries of the 



inverse of the matrix F appearing in Theorem 4.3. In t his w ay one can verify by 
direct computation the identity of the two expressions ( |4.10| ) and (4.11) for T{p) 



in Theorem O. This then is a canonical higher genus generalization of Theorem 
4.3.2 in §. 

Note that this proof of Fay's identity arises from equating a multiplicative for- 
mula for the solution of a zero-pole interpolation problem to a partial-fraction ex- 



pression for the same solution. Formula (p.ll ) in Theorem 3.1 gives an analogue of 



the partial fraction expression for the solution of a zero-pole interpolation problem 



for a vector bundle endomorphism. Formula (3.11), giving a connection between the 
Cauchy kernel K{x,p,q) and K{x',p,q), can be viewed as a matrix-valued version 
of the Fay trisecant identity. 

There is one case in higher rank when a multiplicative representation does exist, 
namely the case of full rank zero-pole interpolation (where the given pole vectors 
{ujf}: 1 < P < Sj — r} span the fiber space x(/i-') and the given null vectors 
{xia : 1 < a < ti = r} span the fiber space X^(-^*)) for each i and j. Then T{p) 



is again given by (4.10|) where Q now is a product of a scalar from the fiber of 



0{X~ fJ'){q) and a value at g of an automorphism of x- Without loss of generality 
we may assume that {xia : 1 < a < r} and {uj/s : 1 < /3 < r} consist of the standard 
basis vectors for each i and j. Then in the partial fraction expansion ( |3.11 ) of T{p) 
we have that F has the block matrix form 

F = -[K{x;X\finh=i,...,n„:j=i,...,n^, (4.15) 
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and that K^^^ip) and K^''^{q) are block row and column matrices respectively 

K^,^(p)^[K{x;p.^^') ■■■ if(x;p,M"°°)], (4.16) 

'Kix;X\q)' 



K-'\q) = 



Kix;X"",q\ 



(4.17) 



Equating this multiplicative formula to the partial fraction expansion leads to the 
same result as in formula (2.16) in pl| . 

5. Determinantal representations of algebraic curves and kernel 

BUNDLES VIA CAUCHY KERNELS 

In zero-pole interpolation problems of the sort discussed here were studied 
in a more concrete setting of vector bundles over an algebraic curve embedded in 
projective space with fiber space given as the kernel of a two- variable matrix pencil. 
In this section we make the connections between that setting and the abstract 
compact Riemann surface setting of Section of this paper explicit. As we shall 
see, the link between the two settings is provided by the Cauchy kernels introduced 
in Section S. 

We first review the setting from m. Suppose that we are given three M x A4 
matrices ui, cr2, 7 and let Uo{z) = Uo{zi, Z2) be the two- variable linear matrix pencil 

Uo{z) =^ zia2- Z2cri+j, z= (21,^2). 

We will also often consider the homogenization t/(/i) (where /i = [/io,MiiM2] are 
projective coordinates in P^) given by 

U{^i) = iiaUoi — , — ) = ^10-2 - //2CT1 + Mo7- 
Mo Mo 

Although det U{ii) is not well-defined as a function of the projective variable fi = 
[/io, Ml, /i2]j nevertheless its zero set is well-defined and defines a curve C C P^ by 

C = {/i - [mo, Ml, M2] e P^ : det U{^l) = 0}. 

We shall assume that U{^) defines a maximal irreducible determinantal represen- 
tation of rank r; this means that det C/(m) ~ ^if^Y where F is an irreducible 
homogeneous polynomial of degree m (so M = rm), and that ker C/(/i) = r for all 
smooth points m of C, i.e., points m° where at least one of ^^(m°), ^^(m°), and 
4 — (m") is not zero. In case of a singular point fjP, we assume that dim ker [/(/i*^) 
is as large as possible, namely sr where s is the multiplicity of ^^. Under these 
conditions E{fi) = ker C/(m) hfts to a vector bundle E of rank r over the normalizing 
Riemann surface X of C; note that the bundle E is realized concretely as a rank r 
subbundle of the trivial bundle of rank M over X. The normalizing Riemann sur- 
face X is a Riemann surface such that there is a holomorphic mapping tt: X —> P^ 
whose image equals C such that tt is a one-to-one immersion on the inverse image 
of smooth points of C; we call tt: A" ^ C a birational embedding of AT in P^. For 
more details, see 0|. As in Q, we shall assume for simplicity that all the singular 
points of C are nodes (i.e., TT~^{q) = {p^,p^} where p^ and p^ are distinct points 
on X with neighborhoods Ui and U2 such that tt is an immersion at both p^ and 
p^ and the analytic arcs tt{Ui) and 7r(C/2) intersect transversally at q). We also 
assume that the line at infinity {mo — 0} is nowhere tangent to C 
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The holoniorphic vector bundle Eg which is dual to E can be realized concretely 
as a subbundle of the trivial rank M bundle over X (with fibers now written as 
row vectors) via 

Eeifi) = ker^ U{fi) = {x e C^''^'^ : xU{fi) = 0}. 

A concrete pairing between Eg (g) 0{l) (E) A and E ^ 0{1) ® A is given by 

I- . ui ^iCTi +60-2 u 

{ui,u}^———- — . (5.1) 

^0 Ci dXi + ^2 dX2 Mo 

Here w^ and u are local holoniorphic sections oi Ef (g) 0{1) (E) A and -E 0(1) (8) A 
respectively, Ai and A2 are meroniorphic functions on X given by Ai = zi o tt and 
A2 = Z2 o TT, and ^1,^2 are arbitrary (not both zero) complex parameters. 

If E and Ee are right and left kernel bundles determined by a rank r maximal 
determinantal representation U{fi) of a curve C as above, then it can be shown that 
necessarily Eg)0{l) (g) A is isomorphic to a flat bundle x over X with the property 
that /i°(x (g) A) = 0, and that Ei (g) 0(1) A is isomorphic to the dual x^ of x- 
This isomorphism ofii'{g)0(l)g)A with x is implemented explicitly by a matrix of 
normalized sections u^{p). Explicitly, u^ is an M x r matrix whose columns are 
meromorphic sections of the puUback of £■ (g) A to the universal cover X oi X such 
that: 

1. -^ u^(i?p) = -^ — u^(p)x"^(i?)forallpeXandaUi?G V)eck{X / X) 

\/dt{Rp) \/dt{p) 

= 'Ki{X), where i is a local parameter on X and ^/dt is the corresponding 

local holoniorphic frame for A lifted to the neighborhoods of p and Rp on X. 

2. Each column of u^ has first order poles at (the points of X over) the points 
of C at infinity, and is holoniorphic everywhere else. 

3. For each p E X, the columns of u^ (p) form a basis for the fiber {E (g) A)(p), 
where p € X is over p (if p is a point of C at infinity we have first to multiply 
u^ by a local parameter centered at p). 

Simply speaking, u^ consists of a multiplicative A- valued meromorphic frame for 
E, normalized to have poles exactly at the points of C at infinity. An isomorphism 
X ^ E (g 0(1) (g A is now given explicitly by y ^ f^ou^y where y is a local 
holomorphic section of x- An r x M matrix of normalized sections u^ of Ei, whose 
rows are meromorphic sections of the puUback oi Ei <^ A to the universal covering 
X of A", is defined similarly, with item (1) replaced by 

le. —={Rp)u^{Rp) = —= — x{RW{p) foraUp G X and all i? G Deck(A\A) ?^ 
Vdt ^ \/dt{p) 



7ri(A), where t and vdt are as before. 

An isomorphism x^ —^ Eg® 0(1) g) A is given explicitly by a; — > piox'^u^, where 
a; is a local holomorphic section of x^- Given u^ , the dual matrix of normalized 
section u^ is determined uniquely by 

X 6171 +^2^2 



6 dXi + 6 dX2 



= Ir 



(where Ir is the r x r identity matrix) , so that under the isomorphisms x — E ® 
0(1) g) A and y^ = Eg® 0(1) g) A the natural duality pairing between x^ and x 



equals the pairing (5.1) 
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If we now define K{x'iPi 5) by 



ClO'l + C20'2 



'■(q), 



(5.2) 



ei(Ai(p)-Ai(g))+6(A2(p)-A2®) 

then K has all the properties of the Cauchy kernel as defined in Section g. This 
method of constructing the Cauchy kernel, via a dual pair of normalized sections 
of the kernel bundles associated with a maximal determinantal representation of 
an algebraic curve C embedded in P^ which has the Riemann surface X as its 
normalizing surface, was presented in H]. 

Here we wish to make explicit the reverse path. We start with a compact 
Riemann surface X and a flat holomorphic vector bundle x over X for which 
/i"(x (8) A) =0. We assume as given the associated Cauchy kernel as developed 
in Section 0. We then construct a birational embedding of X into P^ with image 
equal to the curve C together with a rank r maximal determinantal representation 
of C in such a way that we recover the Cauchy kernel K{x] 'i ') from a dual pair of 
normalized sections for the associated left and rig ht kernel bundles associated with 
this determinantal representation of C, as in (5.2). 

We first need some preparations. Let x be a flat vector bundle over the Riemann 
surface X such that /i*^(x (X) A) = 0. In addition choose two scalar meromorphic 
functions Ai, A2 on X such that Ai{X) = C(Ai, A2), i.e., rational functions in Ai, A2 
generate the whole field of (scalar) meromorphic functions on X. Assume that all 
poles of Ai and A2 are simple, and denote the set of poles by a;^, . . . , x™ G X. Define 
complex numbers Cik (1 < i < m, k = I, 2) by 



Cik 



-ReSp^^.Afc(p) 



where the residue is with respect to some fixed local coordinate i' = t^{p) centered 
ai p = x^. On occasion we shall also need the next coefficient —dik in the Laurent 
expansion of Xk at x': 

^ik 



Xkip) = -^-d,k + Oi\f\). 
Define M x M matrices (where M = mr) ci, 0-2, 7 by 

(71 = diag. (cii/r), 0-2 = diag. (Q2/r) 7 = [7ij]»,i=i,. 

K.i<7n KKm 



(5.3) 



where 
Also define 



dilCi2 — di2Cii, 



1 = J 



Irj 



K{x;x\x^) . 

{CiiCj2 - CjiCi2) j_,i,^,-^ , * T J- 



K{x;x^,p) 



dP{x3) 



'■{p)^- [K{x]p,x^) 



X(x;p,x™)] 



_K{x;x^\p)_ 
Then we have the following result. 



(5.4) 



Theorem 5.1. Let x be a flat vector bundle over the Riemann surface X such that 
hP{x X A) = with associated Cauchy kernel K{x', ■, ■) and use a pair of meromor- 
phic functions Ai(p), A2(p) on X which generate the field A4(X) of meromorphic 
functions on X to define matrices ai, (J2 and 7 05 in (5.2). Then: 
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(i) The map -kq: X —> C~ given by 

T^oip) = (Ai(p),A2(p)) 

maps X\{x^, . . . ,x™} onto the affine part Co of an algebraic curve C C P^ and 
extends to a birational embedding t: : X ^r C of X in P^ . The defining irreducible 
homogeneous polynomial F{p,(), fii, (12) of C is such that det(/xi(T2 — M20'i + fJ-oj) = 

(ii) Denote by E the kernel bundle over C given in affine coordinates by 
E{\) = ker(Aicr2 - \2Cf1 +7), A = (Ai, A2). 



Then x = E® 0(1) ® A with u^ and u^ given by (5.4) equal to the dual matrices 
of normalized sections of E and Eg. 



We shall prove Theorem 5.1 under the assumption that all the singular points 
of C are nodes. 

Proof. We define the curve C as the compactification in projective space of the 
image of the map n in the statement of the theorem 

Co = {{Xi{p),X2{p)).peX}. 

Then X is the normalizing Riemann surface for the curve C and the degree of C is 
equal to the number of intersections with the line at infinity, namely, deg C = m. 
Let f{zi, Z2) = be an irreducible polynomial of degree m such that f{zi, Z2) — 
is the defining equation for C (in affine coordinates). Thus f{Xi{p),X2{p)) = 
for all p (z X. We must show that zicr2 ~ ^20"! + 7 is a maximal determinantal 
representation of f{zi, Z2Y — 0, that E ® 0(1) ® /S. = x and that u^ and u^ are 
dual matrices of normalized sections of E and Eg. 
The first step is to prove the identities 

{Xi{p)<J2 - X2{pW + l)u'' {p) = Q (5.5) 

<(p)(Ai(p)fT2 - A2(p)ai +7) = (5.6) 

u'^{p){il<Tl+^2<T2W{p) 



a dXi{p)+e.2 dX2{p) 



= 1. (5.7) 



To prove (5.5), set 

h{p) = (Ai(p)cr2 - X2{p)ai +j)u^{p). 

Note that h{p) is a meromorphic section of x '8) A. To check that h = it suffices 
to check that h has no poles (since ft."(x (8) A) = 0). The only possible poles in the 
formula for h occur at the points x^, . . . , x™ and these are at most double poles. 
For a = 1, . . . , m, let us write down the Laurent expansion for h near x" as 

h{p) = [/t]"'-2(i")-2 + [/i]"^-i(r)-i + [analytic at x"]. 

We must show that [h]"'^-'^ = and [h]"''^ = for 1 < a < m. 

Each of [h]"'~'^ and [ft.]"'~^ in turn is a block m x 1 column matrix: [/i]"'^^ — 

[h]"'^ and [h]°''^^ = [h]°''~ with i = 1, . . .m. We compute 

m 
[h]f'^'^ =^(-C„iCi2(5y + Ca2Cii5ij)Sja ' (-di"(x")) 

i=i 

= (cQlCa2 - Ca2Cal)dt°'{x") = 
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where 6ij is the Kronecker delta. Similarly, 



m 



y^ (-CalCj2<^y + Ca2CilSij)K {x, x\ x") 



J, i^a 



^{-daiCj2(5jj + da2Ci\8ij + 7.y }(5jq (~cit" (x")). 



(5.8) 



For i = a (5.8) becomes 

(-dalCa2 + daflCal + dalCQ2 - Ca\da_2){-dt°' {x"-)) = 

while, for i ^ a^ (5-8) becomes 

K{x'x^ x°-) 
{-CaiCi2 + Ca2Cii)K{x]x\x°') + {ciiCa2 - CaiCa) ' ' — (~dt"(a;")) =0. 

Thus /i = and (5.5) follows. 

By a similar calculation of Laurent series coefficients one can verify (5.6). 

To verify (5.7), by a standard lemma (see Proposition 2.3 in |0]), it suffices to 
show that 

^^i%^ = lforfc = l,2. 
d\k (P) 

The numerator of the expression on the left is given by 



[K{x;p,x^) 



K{x;p,xn] 



-Cik 



^rnk 



K{x]x^,p) 



K{x;x"',p)^ 



-J2^(x-,P,x')[ReSp=^,Xk{p)]K{x;x\p) 



i=l 



and hence 



u^ {p)<Tku'' {p) J2'^^^K{x;p,x')[ReSp^^,Xk{p)]K{x;x\p) 

d\k{p) d\k{p) 

The double pole at each x^ in the numerator is cancelled by a double pole at each 
x^ in the denominator. Note also that the product of two half-order differentials 
in the numerator is cancelled by the differential in the denominator. The resulting 
quotient is a well-defined holomorphic section of Hom{x, x) which has the value / 
at x^, . . . , x™, and hence must equal / at all p ^ X. Equation (5.7) now follows. 

Denote by d{zi, Z2) the polynomial (i(zi, Z2) — det(zi(T2 — •Z20'i +7). By (5.5) or 
(5.6) we know that (i(Ai(p), A2(p)) = identically in p ^ X . Since / is by assump- 
tion the irreducible defining polynomial for X, it follows that /(zi, Z2)|(i(zi, Z2), 
and hence, 



d{zi,Z2) = /(zi, Z2Yg{zi, Z2) 



(5.9) 



for some positive integer s and some polynomial g relatively prime with respect to 
/. By inspection we see that d has degree equal to M = mr, while, as already 
mentioned, / has degree equal to to. From the factorization we see that deg d > 
s(deg /), or r > s. On the other hand, at a smooth point (zi, Z2) £ C, we know that 
dim E{z) > r since the r linearly independent columns of u^ {p) are in ker(Ai(p)CT2 — 
A2(p)o'i -l- 7). But also, from the factorization (5.9) and an inductive argument 
working with the minors the matrix pencil Zia2 — Z2(Ti+^ (see the proof of Theorem 
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3.2 in M) one can show that dim E{z) < s. From r > s and r < dim£'(z) < 
s we conclude that r = s. From ( p^ ) and degree counting we conclude that 
the polynomial 5 is a constant, and without loss of generality, d = f^. Thus 
zicr2 ~ 2;2(Ti + 7 is a maximal determinantal representation of f{zi,Z2Y = as 
asserted, except that we still must check that for any node g on C the columns 
of u^{p^) and u^{p'^) are linearly independent, where TT'^{q) — {p^,p^}. It then 
follows from (5.5), (5.6) and (5.7) that u^{p) and u^{p) form the associated dual 
pair of normalized cross-sections for E and E(, respectively. 

We first claim if L is a straight line nowhere tangent to C and y^, . . . , y"^ are the 
preimages on X of the points of intersection of C with L, then the block matrix 
[K[x'i^''Ty'']i,j=i,...,m is invertible. This follows immediately from the discussion of 
the full rank zero-pole interpolation problem at the end of Section 4, as we now 
show. Since the divisor x^ + - ■ ■+x"^—y^ — - — y™ is equivalent to 0, the input bundle 
in the full rank zero-pole interpolation problem with zeros a;^, . . . , x™ and poles 
y^, . . . ,y^ and output bundle x is again (isomorphic to) %. Since h^{x (81 A) = 0, 
the matrix T (4.15|) is invertible. Next, by taking any line L through the node q 



which is nowhere tangent to C, we see that the columns of u^{p^) and M^(p^) are 
columns in a Af x M invertible matrix (namely, the associated matrix T) , and hence 
are linearly independent. D 

We remark that the same proof works when the singularities of C are any ordi- 
nary singular points, or more generally, are such that a singular point of multiplicity 
s has s distint preimages on X. 

6. The concrete interpolation problem for meromorphic bundle maps 
between kernel bundles of determinantal representations of an 

algebraic curve 

In the paper M the following problem was considered. We are given an irre- 
ducible algebraic curve C in P^ together with its normalizing compact Riemann 
surface X and the normalization map tt: X —f C. We assume that the defining 
polynomial for C is an irreducible polynomial / of degree m (in affine coordinates). 
For simplicity we assume again that the only singularities of C are nodes and that 
C intersects the line at infinity in m distinct smooth points. We suppose in addition 
that f^ has a maximal determinantal representation 

f'izi,Z2) = det{zia2 - Z2(Ji -I- 7) 

where cti, 12 and 7 are M x M matrices {M = mr), with which is associated the 
kernel bundle E of rank r over C\Csing [Csing is the set of the singular points of 
C) with fibers (over afline points) given by 

E{z) — ker(ziCT2 — Z2cri + 7). (6.1) 

As explained in Section ||, we may consider the puUback of E to X\iT~^{Csing) 
as extended to a rank r vector bundle over all of X. We also have the left kernel 
bundle Ei where 

Ei{z) = ker^(zicr2 - 220-1 + 7) (6.2) 

with puUback under tt also extendable to a rank r vector bundle defined over all of 
X. These bundles, or more precisely their twists E^ 0{1) ^ A and E^ (g) 0(1) A, 
have the canonical pairing (5.1) with each other, as explained in Section [|. 
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The data for the concrete interpolation (CONINT) problem to be considered in 
this section consists of: 

(Dl) Tioo distinct smooth, finite points /i^ ~ (^11^2); • • ■ i M"°° = (Mi°°7M2°°) of C 

(the preassigned poles), 
(D2) for each j — I, . . . , rioo , a linearly independent set {(^ji , . . . , (/Jj.s } of Sj vectors 

in the fiber E{fi^) (the preassigned pole vectors), 
(D3) no distinct smooth, finite points A^ = (A}, A^ ),..., A"« = (A"°, Aa") of C (the 

preassigned zeros), 
(D4) for each i = 1, . . . , tiq, a linearly independent set {ipn, ■ ■ ■ , '>pi,ti} of ti vectors 

in the fiber Ei{X) (the preassigned null vectors), and 
(D5) for each pair of indices (z,j) for which A* = /j,-' —: ^'^, a choice of a local 

coordinate V'^ on X centered at ^'^ and a collection of numbers {pij^ap '■ 1 < 

Oi < ti,l < (3 < Sj} (the preassigned coupling numbers with respect to the 

chosen local coordinate). 

The interpolation problem then is to find an i\/ x M matrix 7 defining a maximal 
determinantal representation of /^ 

/''(zi,Z2) = det(zicr2 - ^20-1 +7) (6.3) 

giving the kernel bundle E over X with fiber over a smooth finite point z £ C given 

by 

E{z) = ker(zicr2 - 220"! + 7) (6.4) 

and the left kernel bundle Ei given by 

Ee{z) = keTi{zia2 - Z2CT1 + 7) (6.5) 

together with meromorphic bundle maps 

S : E -^ E, St: Ep —^ El 

(where we write bundle maps on left kernel bundles as acting from the right), where 
S®Io(i)®A and Si®Io(i),g,/^ are transposes of each other with respect to the pairing 
(pT|), so that S (and Sg) act as the identity operator / on the corresponding fibers 
at the points at infinity, and the following set of interpolation conditions is satisfied: 

(11) S has poles only at /i^, . . . , /i"~ ; for each j = 1, . . . , riao, the pole of S at fJ is 
simple, and the vectors {ipji, ■ ■ ■ , Vj,n^} span the image space of the residue 
Rj : E{^i3) -^ E{fj,^) of S at ^i^ ^ 

(12) The bundle map S'^^ : Eg ^ Eg has poles only at the points {A^, . . . , A""}; 
for each i = l,...,no, the pole of S^ at A* is simple and the vectors 
{ipii . . . ,ipiti} span the image space of the residue i?i : Ei{X^) -^ E({X^) of 
On at A . 

(13) For each pair of indices (i, j) where A* = fP =: ^'-', and for a = I, . . . , t^, let 
V'm (p) be a local holomorphic section of Eg near ^'^ with 

such that TpiaSiij)) has analytic continuation to p = ^^^ with value there equal 
to 0. Then, for any choice of complex parameters ^1 and ^2 

'^^"'aA;(e^)+6A^(e'^)^''''"'^'"^^'''' ^''''^'^'■'2(aAi(e-') + 6A^(e^^))2 " ^'''"'- 
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Here ' 



d 



It can be shown that a necessary consistency condition on the data set for the 
problem to have a sohition is that 

i>iai^icri + ^2cr2)Vji3 = 0. (6.6) 

Given the data set (D1)-(D5) we form the uq x rioo block matrix r° = [F" ] 
(1 < i < no, 1 < J < Uoo) where po. = [r^'^.^^] {1 < a < U, I < P < sj) in turn is 
the ti X Sj matrix with entries given by 



(6.7) 





t -Ptj,aP 


yV'j/J 


if A' ^ fJ 




Additional matrices which we shall need 


are 






>Usi 






>2^si 




Ai = 




•) 


A2 = 








Mi-/.„^. 








M2°°^s„^. 




A}/., 






"A^/*, 






Zi = 




1 


Z2 = 




XT It 

2 tno J 


5 




^ 


Oj = [(^jl ... (pjs, 


7 


ip^ [(Pl . . 


<y^noo] : 





l/'i 



V'il 


, v = 


>r 


.V'^ti. 




.l/'no. 



(6.8) 



The solution of the concrete interpolation problem (CONINT) obtained in [Q is 
as follows. 

Theorem 6.1. (See Theorem 4-1 off^.) Assume that we are given a curve C with 
defining irreducible polynomial f , a maximal determinantal representation for f^ 
as in ( |6.3|) together with associated kernel bundle E ( |6.l| ) and left kernel bundle Ei 
( |6.2| ) and a data set (D1)-(D5) for the interpolation problem (I1)-(I3). Then the 
interpolation problem has a solution if and only if the interpolation data satisfy the 
compatibility conditions ( |6.6D at the overlapping zeros and poles, and the matrix 
r*^ given by (6.7) is square and invertible. In this case the unique solution of the 
interpolation problem (II) -(13) is given by 

7 == 7 - CTi<y9(r°)-Vff2 + (T2(^(r")- Vcri (6.9) 



with associated kernel bundle E (6.4) and left kernel bundle Eg ( p. 5]) , with S{z) 
given by 

Siz) =[I + viU^lI - A,) + UZ2I - A2))-'(r")-VXei^l + i2<T2)]\E(.) 

(6.10) 
and with S*^ (z) given (as a right multiplication operator) by 

Si\z) - [/ - (CifTi + 6fT2)</5(r")-i (ei(zi/ - Zi) + Uz2i - z^))-' nE,(.)- 

(6.11) 
Here the matrices Ai, A2, Zi, Z2,ip,^ are as in (6.8). 
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The main goal of this section is to use the machinery developed in Section @ to 
make explicit the connections between Theorem BT] and Theorem 3.1 of Section B[ 



Suppose therefore that % and x are two flat bundles over the Riemann surface X 
with /i°(x<8) A) = = /i°(x(8) A). We use a fixed pair (Ai(p), A2(p)) of meromorphic 
functions on X generating Ai{X) to produce a map tt: X — > C. The respective 
Cauchy kernels K(x'i-,-) and K{x',-,-) generate corresponding maximal determi- 
nantal representations Zia2 — ^2^1 +7 and Zia'2 — Z2(t[ + 7' for f{zi, z^f = as in 



Theorem 5.1. Note however that the formulas for a\ and 172 in (5.3) depend only on 
the choice of embedding functions \\(j)) and A2(p), and not on the particular flat 
bundle x; hence we may and shall write simply a^ in place of 5^ and a\ for i — \^1. 
We also have associated dual pairs of matrices of normalized sections: m^ , u^ for 
E ~ ker(zitT2 — z^oi +7) and E^ — \s,Yi(z\a2 — Z20\ +7) respectively, and m^',m^' 
for E = ker(zicr2 — Z2<J\ +7') and Ei = keTe{zia2 — Z20'i +7')- Since u^ implements 
an isomorphism between x and i?(E) 0(1) A and u^' implements an isomorphism 
between x and E' (g) 0(1) (^ A, any meromorphic bundle map T: x ^ X induces a 
meromorphic bundle map S: E' —> E determined by 



However, in the solution of (CONINT) from M stated in Theorem 3.1, the solution 



S is normalized to act as the identity operator over the points of C at infinity. In 
order for the map S constructed as above from the abstract bundle map T : x ~^ X 
to achieve this normalization, we must make an adjustment 



a{zia2 - Z2ai + ^')[3 = zia2 - Z2(Ji + 7 



(6.12) 



on the input determinantal representation, where a, /3 E GL{M"^'^,C). If u^,Uf 
is the dual pair of normalized sections for E = ker(^i(T2 — Z20\ + 7) and E^ - 
ker^(zio-2 - ^20"! + 7), then 

u'ip) = i5-^u-'{p\ u^ip) - u^'(p)a-' 

and we seek to solve instead the equation 

S{p)u^p)=u>'{p)T{p), 

or equivalently 

S{p)p-'u-'{p)^u^p)T{p) 



for S,a,l3 subject to the proviso that S'(a;*) = / , ;-._?;. i^ for i = I,. 



(6.13) 
. , TO. Since 



the columns oi u^'{p) and u^ (p) (after multiplication by a local parameter on X at 
p) simply form a standard basis in C*^ when evaluated ai x^, . . . , x"^, we see that 
we should take 



P = 



'T{x^ 



T{x''' 



In order to guarantee aukP = (^k for fc = 1, 2 as required in (6.12) we then take 

\T{x^) 



a 



T{x"^) 
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Thus 7 = a^' j3 is given by 7 = [7y]ij=i,...,m with 

_ I rfjiCi2 - Ciidi2 m = j ,„ .. 

We remark that the "adjustment" of 7 by the values of a bundle map at the points 
of X over the points of C at infinity plays a central role in the construction of tri- 
angular models for commuting nonselfadjoint operators; see p7| and p7| , Chapter 
12. 

We now suppose that we are given an abstract interpolation data set w as in 
( pT^ ) for an Abstract Interpolation Problem (ABSINT) as in Section pi with output 
bundle x, and let y -^u^y and x — > x'^uf be the associated bundle isomorphisms 
from X to Ei^O{l)'^A and from x^ to i?^(g)C'(l)(g) A, where E and Et are the right 
and left kernel bundles respectively associated with t he m aximal determinantal 
representation zia2 — Z2<ti + 7 (with ai, (72,7 given by ( ^.3|) , and with u^ and u^ 
given by (^), all with x in place of x)- We assume that the pair of meromorphic 
functions Ai (p) and A2 (p) is chosen in such a way that the set of poles x^, . . . , x™ 
is disjoint from the preassigned poles //^, . . . , /j,"°° and the set of preassigned zeros 
A\ . . . , A"". Define a data set ujq for a (CONINT) problem as follows: 

1. The preassigned poles consist of the points 7r(^^) = {^l, fi^), ■ ■ ■ ,n{^^°°) = 
(^"°°,/i2°°) with associated pole vectors cpjis £ E{'k{^^)) given by ipjp = 
u^ {p^)uj[3 for j = 1, . . . , rioo and (3 = 1, . . . , Sj. 

2. The preassigned zeros consist of the points 7r(A^) = (Aj, A2), . . . ,7r(A"") = 
(A"°, Aj") with associated sets of null vectors i/'ia € Ep{'k{\)) given by i/'ia — 
xf^uf (X^) ior i — I, . . . ,no and a — 1, . . . , t^. 

3. For those pairs of indices (z, j) for which z' — w^ —: <^'^ we take the associated 
coupling numbers Pij.ap to be the same as those specified for the (ABSINT) 
problem. 

With this choice of data set, the reader can check that the matrices (p and ip as 
defined in (6.8) reduce to 



^ 



Kf^A^^)' 



K^.uix"'). 



^ = - [K^'-^ix^] . . . K''-^{x"')] 



where the notation iir^,u(p) and K^'^{p) is as in the statement of Theorem ^.1| . 

It turns out that the (ABSINT) problem with data set cu is equivalent to the 
(CONINT) problem with data set ojq under the identifications tt: X ^ C and 
yx : X -^ E (g) 0(1) (g) A and Ug : x^ ^ Ei ® 0(1) ® A sketched above, in that 
a solution T of (ABSINT) corresponds to a solution S of (CONINT) under the 
correspondence (including the normalization at the points over infinity) between 
abstract bundle maps T and concrete bundle maps S discussed above. (For the first 
two interpolation conditions, this observation is rather transparent. For the third 
interpolation condition (13), this requires the relation between the interpolation 
condition (13) for the (CONINT) problem with a flat connection on the bundle 
_E^ (g) 0(1) (g) A and the correspondence of this connection with the coefhcient Aiip) 
in the Laurent expansion of the Cauchy kernel K{x; •, •) along the diagonal; this is 
explained in Section 3.2 of W.) Hence the formula for the solution T of (ABSINT) 
in ( |3.11 ) must correspond to the formula for the solution S of (CONINT) in ( |6.10 ) 
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under the correspondence ( 6.13| ). The point of the next resuh is to verify this 
directly; in addition we see that the matrix T appearing in Theorem 3.1 is identical 
to the matrix F^ appearing in Theorem ro7 



Theorem 6.2. Let uj be the data set for an (ABSINT) problem with loq the cor- 
responding data set for a (CONINT) problem. Then F = To. Furthermore, if T 
is invertible and x is the input bundle for which (ABSINT) has a solution, then a 
solution T of (ABSINT) is related to the unique solution S of (CONINT) having 
value identity on the fibers over the points at infinity according to the intertwining 
condition (6.13). 

Proof. The fact that F = Fg is a simple consequence of the definitions and of the 
formula ( ^.2[ ) expressing the Cauchy kernel K{x', ■, ■) in terms of a dual pair u^ , u^ 

of normalized sections of E and Ei . 

It remains to verify the intertwining relation ( p. 13 ) 

S{p)(3-'u>^'{p) = u>'{p)T{p) 

where S is given by ( 6.10| ), T by (3.11) and (3^^ = diag. {T(x^)}. We compute 



l<i<r 



[5(p)r'«"'(p)].=E^»^(?')^(^')^te^''p) 



i=i 



Tix')Kix;x\p) - K^^^{x') ■ diag.{(6Ai(p) +6A2(p) - CiA^i - 4r'ls,}- 

i' 
m 

■T-' ■Y.i^icji + ^2Cj2)K^-^{X')T{x')K{x;x^ ,p). 

3=1 (6.15) 



From (3.11) with x^ in place of p and p in place of q (and hence T{p) in place of 
Q) we see that 

T{x')K{x;x\p) = [K{x;x\p) + K^,^{x')T-'K^^^{p)]T{p). 

We use this identity both in the form indicated and with x^ in place of x* to convert 
(6.15) to 

[Sip)r'u-'{p)h ^[K{x;x\p) + K^^^ix^)r-'K--^ip)]Tip) - 

-if;x,u(xO-diag.{(CiAi(p) + 6A2(P) - CiMl - 6^2^^.,} • 

i' 
m 

■r-'-J2(^ic,i+^2C,2)K-^\x^)[K{x;x^,p) + K^A^^)r-^K-'>^{p)]T{p). 

3=1 (6.16) 

Next we use the general identity (see also |l|) 

'^{^iCji+^2Cj2)K{x\P,x^)K{x;x^,q) = 

3 = 1 

= (^iAi(g) + 6A2(g)-CiAi(p)-6A2(p))if(x;p,g) (6.17) 

which is valid for all distinct points p,q va X which are disjoint from x^ , . . . , x'". 
To prove this "collection formula" (6.17), consider each side as a function of p with 
q fixed. Since h^{x® A) = 0, it suffices to show that the local principal part in the 
Laurent series expansion at each pole of each side matches with the local principal 
part of the other side. One can check that the only possible poles are all simple 
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and occur at x^, . . . , x™ with residue of each side at x^ equal to the common value 
— (CiCii + £,2Ci2)dt^{x'^)K{x\x^,q). Immediate consequences of the identity (6.17) 
which are important for our context here are: 

m 

=diag.{(eiAi(p) +6A2(P) - CiAl - 6A^')/,,} • K^^'-ip), 
'' (6.18) 

and, if {i',j') is a pair of indices for which A' =/= fi^ then the (i', j')-matrix entry 
oiEZii^^^'j^ + ^2Cj2)K^'^{x')K^,^{x^) is given by 



h ,3 



= -(CiMi' + (2^i( - CiAl' - 6A^')r,'y. 



Hence in matrix form we have 



Y.{iic,i+^2C,2)K^^^ixnK^^^{x^) = 

= diag.KCiAf + 6 A^' )/*,,} • r - r • diag.{(CiM{ + 6m{)/s^,}- 

3' (6.19) 

In the case where p = q, the collection formula (6.17) takes the limiting form 



^{£.iCji +^2Cj2)K{x;p,x^)K{x;x^,p) = 

3 = 1 

- iCiKip) + ^2X'2{P)) dt{p) (6.20) 

where ' — — where i is a local coordinate centered at p. An application of this 
degenerate collection formula (6.20) gives, for A* — /i-' 



-i 3 



[J2i^ic,i+acj2)K-^''ixnK^M^nh,3' = 

3 = 1 

= -(aAUf'-'") + 6Ai(r'^")) dtie'^') ^i,u,, = o 



where we used the compatibility condition (3.1) for the last step. We conclude that 
(6.19) continues to be valid even in the case where A' — ^^ . 
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Making the substitutions (6.18) and (6.19) in (6.16), we obtain 

-K^^^{x') ■ diag.{(aAi(p) + 6A2(p) - aMi - ^A^sV^s.,} • 

i' 

'diag.{(eiAi(p) + ^2\2{P) - CiAf - 6A^')/t.,}if"'^(p)+ 

i' 

diag.{(6Al +6A^')/t,,}r -rdiag.KCi^f +6/^{)/.,,}]r-ii^'''^(p) ) 

= K{x;x\p)T{p) + K^.^{x')T-^K^'^{p)T{p) - 
-i^M,u(^0 ■ diag.{(aAi(p) + 6A2(P) - CiA^l - i2l^\)-^Is,}- 

i' 

((CiAi(p) +6A2(p))r-ii^-'^(p) -r-Miag.K^iAi +6A^')/t,,}i^"'^(p) 



+r-Miag.{(aAl' +6A^')/t,,}i^'''^(p) ~diag.{{iiti{+i2pi)Is,}T-^K^^^{p) 

l' j> 

= K{x;x\p)T{p) 
and the intertwining relation ( |6.13| ) follows. D 

REMARK: Note that the results of this section in principle give a means of 



computing explicitly the unknown input bundle x appearing in Theorem B.2 in 
Section |[ Indeed, given a data set u; for an (ABSINT) problem, we can convert it 
to a data set ujq for a (CONINT) problem, as explained in the discussion preceding 



the statement of Theorem 6.2. In the context of the (CONINT) problem. Theorem 



S.l solves the problem of identifying the input bundle. Namely, the input bundle E 



is defined to be _E = ker(2;i(T2 ~ ^20'i +7) where CTi, a2 and 7 are given by (5.3) and 



7 is given by (6.9). The vector bundle x is then determined up to biholomorphic 
equivalence by the condition 

X = E®0{1)®A. 

Moreover, as explained in M, it is possible to construct a matrix of normalized 
sections u^ for E from working with the minors of the matrix pencil Z1CT2 — 2;2Ci + 
7. Such a matrix of normalized sections u^ in turn implements concretely the 
biholomorphic equivalence between x and E (g) 0{1) (E) A. 
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